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We study the propagation of gravitational waves in a collisionless plasma with an external
magnetic eld parallel to the direction of propagation. Due to resonant interaction with the plasma
particles the gravitational wave experiences cyclotron damping or growth, the latter case being
possible if the distribution function for any of the particle species deviates from thermodynamical
equilibrium. Furthermore, we examine how the damping and dispersion depends on temperature
and on the ratio between the cyclotron- and gravitational wave frequency. The presence of the
magnetic eld leads to dierent dispersion relations for dierent polarizations, which in turn imply
Faraday rotation of gravitational waves.
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I. INTRODUCTION
The propagation of weak gravitational waves in the presence of matter and electromagnetic elds has been considered
by several authors, e.g. [1]- [11]. The back-reaction on the gravitational waves, resulting in damping and/or dispersion,
has been studied by Refs. [1]- [7], but the gravitational eects of matter (most frequently assumed to be a uid
or neutral gas) and the eects of electromagnetic elds have mainly been treated separately. The interaction of
gravitational waves with a plasma  which is the most common state of matter relevant for gravitational wave
propagation  has been considered in an astrophysical as well as an cosmological context, see e.g. Refs. [8]- [10] and
Ref. [11] respectively, and references therein. In general it turns out that matter which is in a plasma state  and
thus exhibits electromagnetic properties  has possibilities of more ecient interaction with gravitational radiation,
as compared to neutral matter.
In this paper we study the propagation of weak gravitational waves in a collisionless plasma with an external
static and homogenous magnetic eld, parallel to the direction of propagation. Naturally, the matter and elds
produces a background curvature, but nevertheless it is meaningful to treat the background as Minkowski, provided
the wavelength is much shorter than the background curvature [12]. It turns out that there is a new eect on the
gravitational waves that appears due to presence of the external magnetic eld - a gravitational analog of cyclotron
damping of electromagnetic waves (cf. Ref. [13]). In the electromagnetic case, the waves may interact resonantly with
the gyrating motion of the particles, and the resonance occurs for particles that experience a wave whose Doppler
shifted frequency equals the gyrofrequency. In the gravitational analog, the resonance occurs when the (Doppler
shifted) wave frequency is twice the gyrofrequency. A mechanism for gravitational wave damping similar to cyclotron
damping has been considered previously - namely Landau damping [1]. However, cyclotron damping is a potentially
more important mechanism, since for this case, ecient wave-particle interaction may take place without the presence
of ultra relativistic particles. The possibility for cyclotron damping of gravitational waves has recently been considered
by Ref. [14], but their calculation of the damping coecient do not rest on a selfconsistent kinetic theory, and it turns
out that our value of the damping based on the Vlasov equation is smaller than theirs by several orders of magnitude.
In the case where the unperturbed distribution function of the particles is not in thermodynamical equilibrium,
gravitational wave instabilities rather than damping may occur. We give a condition on the distribution function
for instabilities to develope and demonstrate that it may be fullled, for instance, by plasmas with a temperature
anisotropy. Naturally, the gravitational wave dispersion is also modied by the presence of the magnetic eld. The
dependence of the damping and dispersion on the temperature and on the cyclotron- and gravitational wave frequencies
is investigated. Furthermore, we nd that the natural wave modes are circularly polarized waves and that  as a
consequence of the dierent dispersion relations for these modes (in an electron-ion type of plasma)  gravitational
waves experiences a phenomena analogous to Faraday rotation of electromagnetic waves in such a medium.
The paper is organized as follows: In section II we present the equations governing our system, using a tetrad
description in order to make the interpretation of our results more straightforward. Section III reviews the problem
of single particle motion in the presence of a gravitational wave propagating parallel to an external magnetic eld.
In particular it is shown that resonant particles experiences continous acceleration with velocities approaching the
speed of light in vacuum. In section IV the interaction between the gravitational waves and the plasma is studied
selfconsistently in the linearized approximation using the Einstein-Maxwell-Vlasov system of equations. The damping
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and dispersion of the gravitational wave is studied in some detail for an electron-ion plasma as well as for an electron-
positron plasma in thermodynamical equilibrium. The case of a plasma which is not in thermodynamical equilibrium
is studied in section V. Finally, in section VI, we summarize our results and discuss their implications.
II. BASIC EQUATIONS
We consider the interaction between weak gravitational waves and a collisionless plasma in an external magnetic
eld. Since we consider nonempty space the background space-time is necessarily curved. However, if the wavelength
of the gravitational waves and the interaction region is small relative to the background curvature we may take the
background to be at and static, and the energy-momentum tensor to be the one corresponding to the perturbations
of the electromagnetic and material elds [12].
For simplicity, the direction of propagation is assumed parallel to the magnetic eld which we take to be static and
homogeneous. Linearized, the Einstein eld equations (EFE) take the form
 hab = −2 [Tab − 12T gab] (1)
where   [c−2@2t − @2z], hab is the small deviation from the Minkowski background metric, i.e. gab = ab + hab,
  8G=c4, Tab is the part of the energy-momentum tensor containing small electromagnetic and material eld
perturbations associated with the gravitational waves and T = T aa. In the following it is understood that we neglect
contributions of second order and higher in hab. In our notations a; b; c; ::: = 0; 1; 2; 3 and i; j; k; ::: = 1; 2; 3 and the
metric has the signature (−+ ++).
In vacuum, a linearized gravitational wave can be transformed into the transverse and traceless (TT) gauge. Then
we have the following line-element and corresponding orthonormal frame basis
ds2 = −c2dt2 + (1 + h+()) dx2 + (1 − h+()) dy2
+2h() dxdy + dz2 ; (2)
e0  c−1@t ; e1  (1− 12h+)@x − 12h@y ;
e2  (1 + 12h+)@y − 12h@x ; e3  @z :
where   z − ct and h+; h  1. As it turns out, the gravitational waves takes this form also in the particular
case (propagation parallel to the magnetic eld) we are considering. The dierence to the vacuum case will be that
 = z − vpht, where vph is the phase velocity of the gravitational wave.
We follow the approach presented in [8] for handling gravitational eects on the electromagnetic and material elds.
Suppose an observer moves with 4-velocity ua. This observer will measure the electric and magnetic elds Ea  Fabub
and Ba  12 abcF bc , respectively, where Fab is the electromagnetic eld tensor and abc is the volume element on
hyper-surfaces orthogonal to ua. It is convenient to introduce a 3-vector notation E  (E) = (E1; E2; E3) etc. and
r  ei. From now on we will assume that u0 = c is the only nonzero component of ua. Generally, the Maxwell
equations contain terms coupling the electromagnetic eld to the gravitational radiation eld. If the gravitational
waves propagate parallel to a magnetic eld there are no gravitationally induced eects on E and B. This can be
deduced as follows: Given the Ricci rotation coecients for gravitational waves in the TT-gauge, the gravitational
source terms in the Maxwell equations in Ref. [8] vanishes for the given orientation of the magnetic eld.





E + (γm)−1pB]−G (3)
where γ =
√
1 + pipi=(mc)2 and the four-momenta is pa = γmdxa=dt. The gravitational force like term Gi 
Γiabp
apb=γm, where Γiab are the Ricci rotation coecients, becomes





Gy = 12(vph − pz=γm)
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for weak gravitational waves propagating in the z-direction in Minkowski space, where the dot symbol represents
derivative with respect to . In order to avoid future ambiguity we have introduced the notation G = (Gx; Gy; Gz)
and p = (px; py; pz).
In order to account for resonant wave-particle interactions we apply kinetic plasma theory, representing each particle
species by a distribution function f governed by the Vlasov equation. In tetrad form the Vlasov equation reads [15]
Lf = 0
where the Liouville operator is
L  @t + (c=p0)piei +
[
F iEM − Γiabpapbc=p0
]
@pi
and the electromagnetic force responsible for geodesic deviation is F iEM  q(Ei + ijkpjBkc=p0). In vector notation














 rpf = 0 (7)
where rp  (@px ; @py ; @pz). In the absence of gravitational waves, the Vlasov equation has the following spatially





where n0 is the spatial particle number density,   mc2=kBT , kB is the Boltzmann constant, T the temperature
and K2() is a modied Bessel function of second kind. Generally, the unperturbed static solutions to Eq. (7)
consistent with a homogeneous and static magnetic eld, say in the z-direction, but not necessarily in thermodynamical
equilibrium are distribution functions f = f(p?; pz), where p? =
√
p2x + p2y.









where fG is the gravitational perturbation of the distribution function and the summation is over particle species
(p:s:). The selfconsistent set of equations governing the interaction between the gravitational waves and the plasma
are thus the two coupled equations (1) and (7).
III. CYCLOTRON RESONANCE ACCELERATION
As we will consider eects that are due to wave-particle interaction, it might be in place to rst review some results
of single particle (test-particle) motion in the presence of gravitational waves and an external magnetic eld.
Single particle motion in gravitational wave elds has been examined by many authors, e.g. see [1] and references
therein. Particles moving in a monochromatic gravitational wave eld experiences periodic change in its energy and
periodic deviation from its mean direction of propagation. If the particle motion is constrained, for instance by a
magnetic eld, the change in energy and momentum may be cumulative. We refer to this as resonant acceleration.
We focus here on charged particles in a homogenous and static magnetic eld parallel to the direction of propagation
of gravitational waves. The single particle motion in this situation have been investigated in some detail by [14],
treating it as a Hamiltonian dynamical problem, and also by [17]. Most noticeable is that not only can resonant
acceleration occur, particles can even be trapped in such a resonant state and experience essentially unlimited linear
growth in kinetic energy (linear in coordinate time) and the parallel velocity will approach the velocity of light. The
solution we present here does not  in contrast to that of Ref. [14]  result in an exact description of the particle
motion but does reveal the main eect (resonant acceleration of particles) and has the advantage of being straight
forward. It also provides an intuitively clear explanation of the mechanism and the resemblance to electromagnetic
cyclotron resonance acceleration [18]. In the electromagnetic (vacuum) case this phase-lock situation also exists, i.e.,
unlimited resonant acceleration of trapped particles.
Since there are no gravitationally induced electromagnetic elds (linear in hab), Eq. (3) becomes
d
dt
p = (!c=γ)pzˆ−G  F (10)
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where !c  qB=m. The gravitational wave is assumed monochromatic and arbitrarily polarized: h+ = ĥ+ exp[i(kz −
!t)] + c:c: and h = ĥ exp[i(kz − !t)] + c:c:, where c:c: stands for complex conjugate. In this section ! and k are
assumed real.
We assume !c=γ  !hab so that the gravitational force in Eq. (10) is small compared to the electromagnetic one.
Thus, the particle orbits are close to the gyrating motion in the absence of a gravitational eld, and we therefore make
the ansatz px = 1p2 p̂(t) exp(−i!ct=γ) + c:c: and py =  ip2 p̂(t) exp(−i!ct=γ) + c:c: where the amplitude p̂(t) depend
slowly on time [i.e. jdp^=dtj  j(!c=γ)p^j] due to the gravitational inuence and  = sgn(q): Note that the cyclotron
period is not itself a constant, but is depending on the gamma factor that also is varying slowly. Consider now the
explicit form of the parallel driving force













ei(kz−!t+2!ct=γ) + c:c: (11)
where the star symbol denotes complex conjugate. A particle with trajectory z(t) will typically experience an irregular
oscillatory force. Unless the particle is resonant (or almost resonant) with the wave, the parallel motion will be
random and there will be no net eect  except for the possibility of (small) diusive acceleration [14]. Particles
may, however, be resonant, i.e., have a trajectory such that there will be a non-oscillatory force resulting in a lasting
acceleration/deceleration over several time periods of gyration. Almost resonant particles will be acted on by a force
varying in time on a time scale (depending on the magnitude of the mismatch) slower than the gravitational wave















! = − 2!c
γ − pz=mvph (12)
! =
2!c
γ − pz=mvph (13)
respectively, where vph = !=k. By z we mean the time averaged trajectory and since we will only consider time-
averaged eects, we have put pz = mγdz=dt here and throughout the remainder of this section. Physically, the
particles are resonant when they see a wave whose Doppler shifted frequency is twice the gyrofrequency !c=γ. The
factor two  not present in the electromagnetic case  is due to the fact that the driving force is quadratic in p̂. Note
that the two resonance conditions can be fullled simultaneously only by particles that are oppositely charged.
The question is now whether or not the resonant particles remain resonant even though they are accelerated  a
change in pz and γ may potentially lead to a violation of the resonance condition (12) or (13). Clearly the resonance
is preserved only if γ − pz=mvph is a constant of motion. The gravitational force, Eq. (4)-(6), has the property













if and only if vph = c, i.e. the resonance is preserved in vacuum but generally not in a medium. In many situations
for gravitational waves, however, the vacuum relation vph = c holds to a very good approximation.
In the remainder of this section we will conne ourself to the case vph = c, sgn(q) = −1 and to the resonance
condition (13). We dene the constant of motion   γ − pz=mc and observe that pz = mc(γ − ) and jp̂j =
mc
√





2− γ−1(1 + 2)] [jĥ+j sin’+ jĥj cos ] (15)
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where ’  arg(ĥ+p̂2=γm) and   arg(ĥp̂2=γm). Apparently the kinetic energy is a monotonously increasing
function for particles with suitable initial phase of the gyrating motion, i.e., for
h  jĥ+j cos’+ jĥj sin > 0
independently of the initial magnitude of p̂ and pz. From now on we limit ourselves to such particles. For large times
when γ  1, Eq. (15) implies γ / 2h!t. Using the expressions for p̂ and pz in terms of γ and  we note that
coordinate momenta p̂=γ ! 0 as t!1 whereas pz=γ scales as
pz=γ ! mc− mc2h!t (16)
This implies that the possibility of unlimited acceleration in which pz=γm approaches c on a time scale t  (h!)−1.
Note, however, that the assumption !c=γ  !hab formally restricts the predicting power of these results. However,
as demonstrated by Ref. [14] the linear growth of γ (due to parallel acceleration) remain even beyond !c=γ  !hab.
The sections to follow will concentrate on linearized gravitational wave propagation, in which case the particles
will be assumed to deviate only slightly from the unperturbed orbits. It should be noted, however, that cyclotron
accelaration may have interesting applications in the vicinity of a binary pulsars close to merging. Practically speaking
the eective distance of acceleration close to the source will be limited by eects due to a 3-D geometry. On the other
hand, particles close to pulsars are likely to have a relativistic background temperature, in which case the resonant
ones may be acclerated to ultrahigh energies.
IV. CYCLOTRON DAMPING
As seen in the preceding section, charged particles in a homogenous static magnetic eld can be accelerated and
decelerated by gravitational waves. Thus it should not be surprising that the gravitational wave will be damped  or
be unstable and experience growth  as it propagates through a collisionless plasma. The damping (or growth) rate
will depend on how the particles are distributed in momentum space. In order to incorporate the damping eect due
to this resonant wave-particle interaction mechanism, we use a kinetic description of the plasma, i.e. each plasma
component is represented by a distribution function f(xa; pi). The gravitational waves, h+ = ĥ+ exp[i(kz − !t)]
and h = ĥ exp[i(kz − !t)] are superimposed on the Minkowski background metric [12], and are assumed to be
associated with a small perturbation, fG = f^G exp[i(kz − !t)] , of the distribution function, i.e. f = f0 + fG, where
f0 is a solution to the Vlasov equation (7) in the absence of gravitational waves. This means that the background
distribution function f0 is a function of p? and pz, where p? =
√
p2x + p2y.
A. Linearized Vlasov equation
We begin by calculating the perturbed distribution function that results from a gravitational wave propagating











pB  rpfG = G  rpf0 (17)
It is convenient to change to cylindrical coordinates in momentum space, i.e. we dene px  p? cos , py  p? sin




































kpk=m− γ! + 2!c (h+ + ih) (20)
The occurrence of singularities in Eq. (20) indicate that there is a resonant interaction. In the case !c = 0 there
are no singularities, because without magnetic eld !  ck in our approximation, and therefore Landau damping of
gravitational waves do not occur. For any nite value of !c, however, the expression for fG has singularities and we
therefore expect cyclotron damping to occur.
B. Dispersion relation
We now solve the EFE (1). Using (9) and (20) it is straight forward to conrm that the TT-gauge is a consistent
choice in our case. The two diagonal elements both reads
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(h+ − ih)I− + 12(h+ + ih)I+ (21)
and the two o diagonal elements gives
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(h+ − ih)I− − i2(h+ + ih)I+ (22)











kpk=m− γ!  2!c dp?dpk (23)
together with C  !c2=m. The two equations (21) and (22) combines to[
!2 − c2k2 −A+ − iB+
]
(h+ + ih) = 0 (24)[
!2 − c2k2 −A− − iB−
]
(h+ − ih) = 0 (25)
where
A  Re I and B  Im I
The natural gravitational wave modes for EFE with the given source are thus the circularly polarized modes h+ +ih
and h+ − ih. Eqs. (24) and (25) contain the information about the dispersion (due to A 6= 0) and the damping or
growth (due to B 6= 0). Due to the smallness of the gravitational coupling constant, I can typically be considered
small in the sense that the dispersion relations Eq. (24) and (25) reads
!  ck +A=2! + iB=2! (26)
Throughout the remainder of this paper we will have this approximation in mind and we will occasionally make use
of !  ck to simplify the expressions for I.
The fact that A+ 6= A− , unless the plasma components are of equal particle masses and as long !c 6= 0, implies that
the two gravitational wave modes have slightly dierent phase velocities. Thus, an incident linearly polarized wave
 being a superposition of the two circularly polarized states  will experience a polarization shift, i.e. the direction
of linear polarization will be rotated as it propagates through the medium. In the case of electromagnetic waves this
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is known as Faraday rotation. In principle this could be an important result as the polarization of a gravitational
wave carries valuable information about the emitting source [20], e.g. the inclination of the spin axis of a quadrupole
moment source.
The pole contribution in the integral in (23) is dealt with in the standard fashion, i.e. by letting the contour of
integration pass below the pole. It should be noted that this approach disregards what happens with the distribution
function close to the singularity, and it also misses some other aspects of the damping process, see e.g. [21], but it is
the simplest way to nd the main eect due to the pole, and for our purposes it suces.
C. Equilibrium plasma
For a plasma in a state of thermodynamical equilibrium the unperturbed relativistic expression for the distribution
function is the Synge-Jüttner distribution f0 = fSJ , dened in Eq. (8), and for this choice F0 reduces to





As no instabilities can develope the gravitational waves will exhibit damping. In this section we examine how the
damping and dispersion depends on the ratio !c=! and on the temperature of the plasma. First we examine the
nonrelativistic regime for which analytic results can be obtained. In the relativistic regime we then present results
for an electron-positron plasma and an electron-ion plasma obtained by numerical integration of Eq. (23). For this
purpose it is practical to introduce normalized momenta p?  p?=mc, pk  pk=mc and a dimensionless frequency
ratio Ω = !c=!.
1. Nonrelativistic temperature















pk − 1 2Ωdpk (28)
after performing the p? integration, where we have introduced   1=
p
mn0G, which is the characteristic time
for gravitational contraction of a gas with density n0 and particle mass m. In the case of a cosmological plasma
 coincides, apart from a factor
√





















Note that for Eq. (29) to apply we must assume −1(12Ω)−1  1, i.e. for the wave frequency close enough to twice
the gyrofrequency, higher order thermal eects is always important for the wave dispersion, whereas Eq.(30)  which
follows from the residue theorem  holds for all values of Ω. Still, it is clear that the dispersion can be enhanced by
the magnetic eld due to the existence of the resonance. The exponential decrease of the damping with 12Ω implies
that signcant damping only occurs in a limited region in frequency space close to 1 2Ω = 0 for a low temperature
plasma. In the limit of zero temperature the size of this region tends to zero. The magnitude of both A and B are
monotonically increasing with temperature and vanishes at zero temperature. In the case of no magnetic eld, Ω = 0,
the dispersion relations (24) and (25) both reduces to !2 − c2k2 − A = 0, where A  ∑p:s: 16=2. This expression
is in agreement [22]with Refs. [1]- [5].
7
2. Electron-positron plasma
Denote ep  1=
p
men0G (e and p stands for electron and positron, respectively). In this case only the sign of the



























~Ω = ~!c=! and ~!c = jqjB=m. Note that I(~Ω) = I(~Ω) = I(−~Ω). The normalized function I(~Ω) 
I2ep is numerically calculated for four dierent temperatures, namely  = 100 (nonrelativistic) 10, 1 and 0:1
(ultrarelativistic). The results are displayed in Figure 1 (note that I is normalized against the temperature). In
the nonrelativistic case (see Figure 1. (a)) we have a nite region, −1=2 . ~Ω . 1=2 , where Re I is positive. Re I
changes sign at
~Ω  1=2 and approaches zero like 1=(~Ω) in the limit ~Ω ! 1. Im I is negative denite (and thus
there is indeed damping of the gravitational wave for any nite
~Ω) and has a gaussian shape around the resonances
~Ω  1=2.
This is also the characteristic behavior for Re I and Im I at higher temperatures. The relativistic eects on the
dispersion and the damping are the following: i) The resonance peaks of Im I (which occur at ~Ω = 1=2 at zero
temperature) are shifted to higher values of j~Ωj for higher temperatures. Also Re I experiences a similar shift. In the
ultrarelativistic case (see Figure 1. (d)), Re I changes sign at ~Ω  25 and Im I is centered about ~Ω  20. ii) The
magnitude of both Re I and Im I increases roughly linearly with temperature (note that the curves are normalized
against (2ep)
−1
in Figure 1.), which can be compared with the temperature dependence in the nonrelativistic regime
that is given by Eq. (29) and Eq. (30). iii) The region of damping broadens. In the cold limit Im I takes the
form of two separated gaussian functions, the width tending to zero with diminishing temperature. These regions are
widened and the gaussian shape is deformed with increasing temperature. In the ultrarelativistic case Im I decays
exponentially as
~Ω ! 1 but approaches zero more abruptly as ~Ω ! 0.
3. Electron-ion plasma
Denote  = ei  1=
p
min0G (e and i stands for electron and ion, respectively). For an electron-ion plasma there is
an asymmetry between the particle species due to the small mass ratio "  me=mi, giving dierent order of magnitudes
for the two cyclotron frequencies !ce and !ci. Thus the resonances will occur for very dierent gravitational wave



























































Provided that Te = Ti, i and e diers typically by three orders in magnitude. This implies that the ions can be
considered nonrelativistic even in the regime of ultrarelativistic electrons (e  0:1). It is convenient to consider the
two frequency domains































The normalized function I+(~Ωe)  I+2ep is displayed in Figure 2 for e = 100 (nonrelativistic) 10, 1 and 0:1
(ultrarelativistic). By symmetry, I−(~Ωe) is the mirror image of I+(~Ωe), i.e. I−(~Ωe) = I+(−~Ωe) and therefore this
curve is not presented. Except for the lack of symmetry about
~Ωe = 0 the result is similar to that of the electron-
positron plasma. In the given temperature and frequency domains the ion contribution to the normalized function
I(~Ωe) is just the approximately constant value 16.
The eect of resonant ions becomes important in the frequency domain
~Ωi  1. In Fig. 3 we show I+(~Ωi)  I+2ep
for e = 0:1. The corresponding gures are qualitatively similar in the entire temperature domain 0:1− 100, however,
and therefore only one of them is shown. The small region near
~Ωi = 0 (~Ωi  " to be specic) that contains the
electron contribution has been left out.
4. The group velocity
The fact that A is at some points negative implies, together with (26), that for some wavelengths and frequencies
the group velocity of the waves exceeds the speed of light. Superluminal group velocities for gravitational waves
have been found before, see Ref. [23] and references therein. In most cases, but not in all, it has been an eect of
the background curvature. It should be noted that several results from the literature are in contradiction with each
other. Naturally, in our case the superluminal group velocity is a direct eect of the medium. For the case of an














where the prime denotes derivative with respect to ~!c=!. For !c = 0, i.e. in the case of no magnetic eld, the medium
is just a collisionless gas of charged particles and the group velocity is smaller than the velocity of light, in agreement
with the results of previous authors, e.g. [1]. From Figure 1 it is clear that there are regions where vg > c is realized,
for instance about the point ~!c=!  0:6 (where A has a local minima) in Figure 1(a). Similarly, also an electron-ion
plasma allows superluminal group velocities. Group velocities that exceeds the speed of light is not necessarily at
odds with causality  an issue explored for instance in Ref. [23]. The group velocity can simply not be interpreted as
the (gravitational wave) signal velocity in this situation.
V. NONEQUILIBRIUM PLASMA
In the case of thermodynamical nonequilibrium, the system has free energy that may feed a gravitational wave
instability. This occurs whenever the imaginary part of I, dened by Eq. (23), is somewhere positive. Applying the



























is the gamma factor evaluated at the resonant momenta and




Instabilities occurs for distribution functions and frequencies such that the condition B > 0 is satised. For simplicity















where pc  2mc!c=!. In order to show that there indeed exist instabilities we consider the following example of a













2mkBTk and pth? 
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where   T?=Tk−1 and   12!c=!−pd=mc. It is easily seen that B > 0 for certain values of  and !c=!. Note
that if  = 0 then B < 0 for all values of !c=! and hence there can be no temperature-isotropic beam instability
[24]. On the other hand, putting pd = 0, it is clear that a temperature anisotropic distribution function without a
drift can be the source of an instability.
The gravitational waves produced by a homogeneous plasma, due to the above cyclotron resonance instability will
have a frequency of the order of the cyclotron frequency, at least in the nonrelativistic temperature limit considered
here. In principle this opens up the possibility of emission of high frequency gravitational waves through large
magnetic elds (of the order of 10−6 T or larger), i.e. frequencies well above the frequency range expected from
conventional gravitational wave sources, such as compact binaries, neutron-star normal modes and gravitationally
collapsing objects, reaching up to 10 kHz. Still the radiation considered here is generated by a collective process where
the amount of matter interacting coherently can be as large as in other astrophysical examples.
It is not so easy to nd astrophysical applications of the cyclotron resonance instability, however: Firstly there
must be a magnetized plasma cloud, with a nonequilibrium distribution function that fullls the condition B > 0.
Such a cloud could in principle be generated, for example if there is a magnetic eld geometry that allows for a loss-
cone distribution to evolve. However, there is an obvious risk that there will be purely electromagnetic instabilities,
which typically have much higher growth rates than the gravitational one, that will dominate the picture. Secondly,
for signicant gravitational generation, the plasma cloud must be very much denser than the average density of the
universe, otherwise the growth of the amplitude will take place slowly even compared to a cosmological time-scale.
In a dense plasma cloud, on the other hand, gravitation must be balanced by pressure gradients in order not to
selfcontract before signicant radiation generation due to the cyclotron resonance instability occurs. This suggests
that maybe plasma inhomogeneities should be included in our treatment, although it seems likely that the eects
of inhomogeneity may be neglected as long as the gradient scale lengths is much longer than the wavelength of the
gravitational radiation.
VI. SUMMARY AND DISCUSSION
We have considered linearized gravitational waves in the short wavelength approximation, propagating in a plasma
parallel to an external magnetic eld. In vacuum, there is the possibility of cyclotron acceleration of charged particles
up to velocities arbitrarily close to the speed of light. Taking the collective eects of particle distributions on the
gravitational waves into account, it follows that the normal modes for the system are circularly polarized gravitational
waves, and we derive the corresponding dispersion relations. In the case of an equilibrium plasma the waves are shown
to be damped due to resonant interaction with the plasma particles and the dispersion is modied and enhanced as
compared to the case of no magnetic eld. In the case of thermodynamical nonequilibrium, there is the possibility of
gravitational wave instabilities. To show in a concrete way that this can be realized, we demonstrate that there are
temperature anisotropic distribution functions that are unstable. Furthermore, we have examined how the damping
and dispersion in an electron-positron type of plasma and an electron-ion plasma, respectively, depends on the ratio
!c=! and on the temperature. The strongest eects occurs when ! and !c are comparable and the eect increases
with temperature and density.
The question is whether cyclotron damping can be observed, if we assume that gravitational wave astronomy
[20] developes successfully. The calculations made in Ref. [14] end up with an estimate of 10% damping during a
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propagation distance of the order of 30 kpc, which suggests that there is at least some chance of gravitational cyclotron
damping to be observed. Combining Eq. (26) with the denition I  I2 (recall that I is the normalized value





Similarly, the time-scale for gravitational wave dispersion is !2=ReI. For typical values for (equilibrium) plasma
in interstellar space, it is clear that the damping rate predicted by Eq. (39) is several orders of magnitude smaller
than the estimation made in Ref. [14]. Presumably the discrepancy is due to the fact that in Ref. [14], only the eect
of acceleration of particles (corresponding to energy being transported from the gravitational wave) is considered.
Generally when the damping due to wave-particle interaction is small, it should be noted that as !tprop(where tprop
is the time of wave- particle interaction) grows, the energy loss of the decelerated particles becomes very close to
the energy gained by the accelerated particles, and thus the omission of the contribution from decelerated particles
leads to large errors in the damping coecient. If the singularities is treated properly, the eect of decelerating as
well as accelerating particles on on the wave is included automatically in a kinetic description. In general for parallel
propagation we nd that cyclotron damping as well as dispersion of gravitational waves through interstellar space is
negligible, in the sense that there is essentially no hope of detecting it with gravitational wave detectors with realistic
sensitivity.
Still it is too early to conclude that the interaction of gravitational waves with interstellar matter give a negligible
backreaction on the gravitational wave in general. For one thing, we have only considered propagation parallel to a
magnetic eld. It is wellknown (see e.g. [1]) that gravitational wave propagation in an angle to an external magnetic
eld generates electromagnetic elds. Furthermore, in an inhomogeneous medium with slowly varying background
parameters we will typically reach a point where the generated electromagnetic elds fullls the dispersion relation of
some natural plasma mode. In that case linear mode conversion, which is a resonant process involving all particles,
may take place. This problem is considerably more dicult than the one considered here, however, partially due to the
lengthy algebra associated with the full inclusion of electromagnetic phenomena, and partially due to the diculties
of chosing a suitable gauge in the general case. It remains an issue for future research.
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FIG. 1. The real (solid line) and imaginary (dotted line) part of I  I2ep for an electron-positron plasma at four
































FIG. 2. The real (solid line) and imaginary (dotted line) part of I+  I+2ep for an electron-ion plasma at four dierent










FIG. 3. The real (solid line) and imaginary (dotted line) part of I+  I+2ep for an electron-ion plasma for e = 0:1. The
small region near
~Ωi = 0 containing the electron contribution has been left out.
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